Abstract. We remark that forcing on fiber bundles of structures of first order languages is not a compatible semantics with the pullback (of fiber bundles) and we describe a semantics which behaves well with respect to it. This new semantics uses parallel transport and allows to introduce two different types of extensions for the formulae: vertical and horizontal extensions.
Sheaves of structures on topological spaces correspond to the semantics of Intuitionism (see [Cai95] ), located in between of Kripke semantics and topoi logic. This is a paradigm of truth continuity (continuidad veritativa, according to [Cai95] ), which means that if a statement is true in a point therefore it continues being true in a neighborhood of that point. There are other similar approaches of sheaves of structures in several logics (e.g., Continuous Logic -[OV16]-), where the key idea is still preserving the truth of statements in a neighborhood of a point. This idea was generalized to sheaves based on some special kind of lattices extending the lattice of opensets of a topology (e.g., locales and quantales, [Joh02, BvdB86] ), which still keeps some geometry behind them and correspond to variants of intuitionism and links topoi and quantum logic.
In this paper, we intend to extend this idea to fiber bundles. Example 3.1 shows that the pullback does not behave well with respect to forcing (whose definition we recall in Definition 2.1). Given that the pullback of a fiber bundle is a natural geometric operation (see Appendix A), a natural question is to find a semantics which is compatible with it. To do so, we involve the differential structure into the game, and we use connections on fiber bundles to define the notion of parallel semantics, Definition 3.2. We find out that parallel semantics is compatible with the pullback (see Theorem 3.4). In this semantics, the continuity of the truth is defined via curves that play the role of observers moving in space (space-time).
Parallel semantics allows to distinguish three new aspects associated to truth continuity: space-time stability (truth continuityà la Caicedo), preservation of truth of statements through the observer movement in space-time (during a time interval) and stability of the "experimental measure" made
Fiber bundles of first order structures
Let L be a first-order signature (see Appendix B). We use the geometric background included in Appendix A. ii) For each function symbol f ∈ L of arity k < ω, the function f A : k i=1 A → A defined by f A (e) := f Am (e) ∈ A m (e ∈ A k m ) is a C ∞ -function. iii) For each constant symbol c ∈ L , the function c A : M → A given by m → c Am is a section of A.
We will denote this fiber bundle of structures by π : A F −→ M .
We can define fiber bundles of L -structures of regularity C k requiring that the sections involved in conditions ii) and iii) given above are C ksections. Example 1.2. Vector bundles are fiber bundles whose fibers are vector spaces and whose trivializations are linear transformations. All vector bundles over a manifold M are the pullback of the canonical bundle of a Grassmannian and a appropiated function from M to Grassmanian (see [MT97] ). Each vector bundle is an L -fiber bundle of structures where L is the first order signature of IR-vector spaces {+, · α : α ∈ IR}. An important example of vector bundle is the tangent space T M of a manifold M (see Remark A.3 ) Example 1.3. Principal bundles are very important in Gauge theory, these are fiber bundles whose fibers are groups and whose trivializations are morphism of groups. Each principal bundle is a L -fiber bundle of structures where L is the first order language of groups {·, e, () −1 }. Example 1.4. In relativity, space-time is modeled as a 4-dimensional manifold with a Lorentzian metric g. This metric defines the light cone C := g −1 ((0, ∞)). The tangent space T M and the light cone C conform an example of an L -fibre bundle of structures for the language of vector spaces and an unary relation symbol L := (+, · α : α ∈ C, R). The symbols of sum + and scalar product · α are interpreted as the corresponding sum and scalar products defined in each fiber of T M , and R A := C. Remark 1.5. We observe that given s 1 , · · · , s r local sections of A and t(x 1 , · · · x r ) an L -term, it is straightforward to see that the fiber bundle function of the fiber bundle π :
is in fact a smooth section. −→ M i is a morphism of fiber bundles which also preserve the L -structure over each fiber. More precisely, a morphism is a pair of smooth maps Φ : A 1 → A 2 , φ : M 1 → M 2 such that the following diagram commutes
The following definition is key in this article, it shows how to define a fiber bundle of L -structures on a pullback. Proposition 1.7. Let h : N → M be a smooth function, where M and N are manifolds. Then we can naturally define the pullback B := h * (A) of a fiber bundle of L -structures where A is a fiber bundle of L -structures over M .
Proof. Let π : A → M be the fiber bundle that underlies the fiber bundle of structures A. We will define a fiber bundle of structures B over the fiber bundle h * (A) as follows:
. By definition of the smooth structure of
Pointwise semantics
Let A be a fiber bundle of L -structures. Given an L -formula ϕ, we want to define when ϕ is satisfied in A. We understand sections of the fiber bundle π : A F −→ M as a kind of nouns of the L -formulae. We are looking for a way to define a semantics on which the L -formulae are satisfied by A with a certain stability (i.e., its satisfactibility remains being true along an open set of any point). In this section, we adapt the approach of [Cai95] to pointwise semantics via sections. Since fiber bundles do not have discrete topology in their fibers, the main difference with [Cai95] is that we need to impose the locality of the true for atomic formulae. 
there exists and open neighborhood
U ⊆ M of m such that for any u ∈ U and any section s defined on
In [Cai95, Definición 3.1], it is required that atomic formulae are true at the point m because [Cai95, Lemma 2.2] guarantees that the lifting of sections for local homeomorphims implies the stability or extension of atomic formulae involving equalities. In this context we understand stability as the preservation of the truth on an open neighborhood of M . The geometry of the fiber bundle of L -structures makes relational formulae stable or extensive in the sense of the following lemma.
be a L -first order formula that contains only the logic operators ∨, ∧, ∃ and atomic formulae without =. Let s 1 , · · · s r be local sections of A defined on some fixed
(1) Let R ∈ L be a relation symbol of arity k and 
. It is the easy to see that for all
We can prove the case ∨ in an analogous way.
For fiber bundles of L -structures it is easy to provide examples that show that in general for formulae which use the equality this kind of stability is lost.
Example 2.3. Let π x : IR 2 → IR be a fiber bundle with fiber IR (π(x, y) = x) and consider it as a fiber bundle of L -structures A for L := {=}. Consider the sections s 1 (x) = (x, x) and s 2 (x) = (x, −x). For the formula ϕ(x, y) :
The following theorem is valid by definition. 
The proof of the next theorem is analogous to the proof of [Cai95, Teorema 3.2]. 
Parallel semantics of a point
From now on, we will work with a fiber bundle of L -structures A whose fiber bundle π : A F −→ M has a connected basis space M . We suppose also that π : A F −→ M is endowed with a connection Φ (see Appendix A.6). We will use the notion of pullback of structures (see Proposition 1.7).
Ideally, one can think that a experimental measurement on a point m in space-time M is given by a tuple (e 1 , · · · , e n ) ∈ A n m . For any L -formula ϕ, if A m |= ϕ(e 1 , · · · , e n ), in order to be able of making experimental measures, one expects that for any observer and what she or he measures, the L -formula ϕ is extensive in time, i.e. ϕ continues being true in some interval of time independently of the movement of the observer. One could wrongly think that this formally means that if A m ϕ(s 1 , · · · , s k ) then for all path (observer) σ : (−1, 1) → M such that σ(0) = m, σ * (A) m ϕ(s 1 , · · · ,s k ) wheres i (t) := (t, s i (σ(t))) and σ * (A) is the pullback of A as explained in Proposition 1.7. The following example shows that this is in fact wrong.
Example 3.1. Let L be the first order language with only a relational symbol R. Let us consider the fiber bundle of L -structures with underlying fiber bundle ρ : IR 3 → IR 2 (ρ(x, y, z) := (x, y)) and R A := {(x, y, z) ∈ IR 3 : z = 0}. Let s(x, y) := (x, y, x + y) and σ(t) = (t, −t). Clearly A (0,0) ¬¬R(s), but σ * (A) 0 ¬¬R(s) wheres(t) := (t, (t, −t, 0)).
Example 3.1 shows that the forcing does not behave well with respect to pullbacks. Intuitively, we interpret this as the fact that the pullback of forcing is a notion that depends of the observer (the path). We would like to have a semantics whose pullbacks are independent of the observer. This motivates the following definition. To explain better the paths s k in the previous definition, we refer to Definition A.8 and we observe that if we denoteσ k the Φ-lift to A of the path σ such thatσ k (0) = e k then s k (t) = (t,σ k (t)).
Definition 3.2 formalizes the intuitive requirement of stability and independence of the observer for the validity of an L -formula in the fiber bundle of structures A. The next lemma proves that these requirements are inherited from the geometry for the equality of sections. 
The previous lemma indicates that equality of two variables at a point is perceived as stable in time for any observer (any path σ). The ǫ taken in the lemma depends of the connection Φ associated to the liftsσ 1 ,σ 2 ; this means that the time that the observer perceives the equality depends of the connection and the path on which the observer is moving.
The semantics given in Definition 3.2 is in fact compatible with the pullback. 
Proof. Let σ : (−1, 1) → N be a path such that σ(0) = n where n ∈ f −1 (m). Let us denote γ := f • σ. If we denoteσ 1 , · · · ,σ r the σ * (Φ)-lifts to σ * (A) of the identity (path) i : (−1, 1) → (−1, 1) such thatσ i (0) = e i andγ 1 , · · · ,γ r the Φ-lifts to A of the path γ such thatγ i (0) = e i , then, from the definition of γ * (Φ) = σ * (f * (Φ)) (see Appendix A),σ i (t) = (t,γ i (t)). Let ϕ be an L -formula. The proof follows from the previous comments about the paths σ and γ, induction in formulas and from the equality
The next example shows how different can be A m ϕ(s 1 , · · · , s n ) and A Φ e 1 ,··· ,en ϕ(x 1 , · · · , x n ) in the same L -fiber bundle of structures.
Example 3.5. Let L = (+, · α : α ∈ C, R) be the first-order signature corresponding to C-vector spaces together with a unary relation symbol R. 
Spatial, horizontal and vertical extensions
As mentioned before, an n-tuple (a 1 , · · · , a n ) ∈ A n m can be interpreted as an idealization of an experimental measurement in a point m of M interpreted as space-time. Intuitively, the sentences about these measurements should be extensive in space-time and to a certain level independent of the accuracy of the measurements. Both the horizontal and vertical bundle catch this intuition, the distinction between a continuity of the truth depending of the space-time (the spacial extension) and a continuity of the truth depending of the accuracy of the measurement (the accuracy extension or vertical extension). 
The next definition generalizes the notion of spatial extension to parallel semantics. 
In the previous example we obtained that the horizontal extensions are open subsets of the base space. This is not always the case. Next we define the vertical extension of a formula. As mentioned before, the intuition of the vertical extension is how much the validity of the formula depends of the accuracy of the experimental measurement.
Definition 4.5. Let A be a fiber bundle of L -structures and suppose that π : A F −→ M is endowed with a connection Φ. We define the vertical extension of an L -formula ϕ(x 1 , · · · , x n ) at (e 1 , · · · , e n ) ∈ A n m in an open subset V of the fiber A n m as follows:
Proposition 4.6. Let A be a fiber bundle of L -structures with underlying fiber bundle π : A F → M whose fiber F and base space M are connected and for all connection Φ the vertical extension of the L -formula ϕ(x, y) : We believe that the formalization that we offer of horizontal and vertical extensions of a formula could help to clarify interactions between Geometry, Physics and Mathematical Logic.
Appendix A. Geometric background
In this section we indicate briefly the basics of Differential Geometry needed to understand this article.
A.1. Fiber bundles and and their connections. We recall that fiber bundles generalize Cartesian products and provide a geometric notion of continuous families of spaces. IN) consists of three C k -manifolds A, M and F and a map π : A → M such that:
We denote this fiber bundle by π :
We will call A the total space, M the base space and F the standard fiber of the fiber bundle π : A Throughout this article, we assume that all the fiber bundles are C ∞ .
Definition A.2.
• A global section of a fiber bundle π :
The set of all global sections of π : A A connection Φ belongs to Ω 1 (A, V A) and Φ(a) can be thought as a linear map from T a A to T a A for each a ∈ A. A connection Φ induces a notion of horizontal bundle HA := Ker(I T A − Φ) ⊆ T A. It is easy to see that T A = V A ⊕ HA, i.e. the tangent directions of the total space A are decomposed in horizontal and vertical directions.
The parallel transport of a curve σ : (−r, r) → M at a point a ∈ A is the liftσ : (−r, r) → A of σ (i.e π •σ = σ) which does not accelerate on the vertical direction and such thatσ(0) = a. The following theorem guarantees that, for every connection Φ of A and every curve σ and point a ∈ A, there exists (locally) a unique parallel transport. 
iii) U is maximal with respect to i) and ii).
Following the notation given above, we define the notion of parallel transport and complete connection. Intuitively, parallel transport formalizes the notion of a movement on a configuration space that does not change the internal states and the notion of completeness of a connection is a technical condition which will simplify this presentation.
, the function t →σ(a, t) defined in the previous theorem is called parallel transport along the curve σ of a (associated to the connection Φ).
ii) A connection Φ on π : A F −→ M is called a complete connection, if the parallel transportσ along any smooth curve σ : (−r, r) → M is defined in all elements belonging to A σ(0) × (−r, r). Also we call t →σ(a, t) the horizontal lift of σ at a.
Complete connections are also called Ehresmann connections. The following theorem allows us to consider a complete connection in any fiber bundle, which helps us to avoid technicalities. This is the reason because we assume completeness of all connections considered along this article.
Theorem A.9. [KMS93, Page 81] Each fiber bundle admits complete connections.
Next, we define the notion of pullback of a fibre bundle.
Definition A.10. Given a smooth function f : N → M the pullback of a fiber bundle A is the fiber bundle f * (A) whose total space is f * (A) := {(n, a) ∈ N × A : f (n) = π(a)} with the natural projection, the topology inherited from N × A and differential structure naturally defined from the trivializations induced by the fiber bundle A.
Given a fiber bundle π : A F −→ M with fiber F and k ∈ IN\{0}, we define its k-direct sum (denoted by denote by ⊕ k i=1 A) as a fiber bundle over M whose fiber at m ∈ M is given by A k m . In contrast, the Cartesian power A k corresponds to the fiber bundle over the Cartesian power M k with the natural projection π × · · · × π.
Let Φ be a connection on a fiber bundle π : A F −→ M and let f : N → M be a smooth function. Then Φ induces a connection f * (Φ) on f * (A) (the pullback of A). f * (Φ) is defined as follows: First, notice that the derivative of the functionf : f * (A) → A defined byf (n, a) = a induces an isomorphism between the vertical bundles of f * (A) and A. Hence the following definition f * (Φ) (n,a) := df −1 n,a Φ a df n,a makes sense. In particular, a connection Φ on π :
A that we will denote by ⊕Φ. More explicitly, given (
, where we identify in the natural way the tangent space
The details of smoothness of the connection ⊕ k i=1 Φ are straightforward.
We will denote by χ := I T A − Φ the projection on the horizontal bundle of a connection Φ.
Definition A.12. Let Φ be a connection on the fiber bundle π : A The curvature of the connection is an obstruction (via the Frobenius theorem, see [War83] ) to the integrability of the differential distribution HA on A.
Definition B.2 (first order structure). Let L be a first order signature. An L-structure A corresponds to a non-empty set A (called the universe of A) together with coherent interpretations of any symbol in L as follows:
(1) given R ∈ L R of arity n R , R is interpreted as an n R -ary relation
Definition B.3 (L -terms). Let L be a first order signature. An L -term is constructed as follows:
Notation B.4. t(x 1 , · · · , x n ) means that t is an L -term where the variables which appear in the construction of t are among x 1 , · · · x n .
Definition B.5 (L -formulae). Let L be a first order signature. An Lformula is constructed as follows:
(1) given t, s L -terms, t = s is an atomic L -formula.
(2) given R ∈ L R of arity n := n R and t 1 , · · · , t n L -terms, Rt 1 · · · t n is an L -formula. (3) given ϕ and ψ L -formulas, ¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ, ϕ → ψ and ϕ ↔ ψ are L -formulas. (4) given x a variable and ψ an L -formula, both ∀xϕ and ∃xϕ are Lformulae.
Notation B.6. ϕ(x 1 , · · · , x n ) means that ϕ is an L -formula where the variables which appear in the construction of ϕ are among x 1 , · · · x n .
Definition B.7 (signature L A ). Given an L -structure A with universe A, L A corresponds to the signature L together with new constant symbols {i a : a ∈ A}. A A corresponds to the L A structure with universe A, ⊔ ⊓ A A := ⊔ ⊓ A for any ⊔ ⊓ ∈ L and i A A a := a for any a ∈ A. Abusing of notation, we will write a instead of i a as the constant symbol in L A .
Definition B.8 (interpretation of L -terms). Given a first order signature L , t(x 1 , · · · , x n ) an L -term, A an L -structure with universe A and a 1 , · · · , a n ∈ A, we define t A (a 1 , · · · , a n ) recursively, as follows:
(1) if t(x 1 , · · · , x n ) := x i , t A (a 1 , · · · , a n ) := a i . (2) if t(x 1 , · · · , x n ) := c ∈ L is a constant symbol, t A (a 1 , · · · , a n ) := c A . (3) if t(x 1 , · · · , x n ) := F t 1 , · · · t k where F ∈ L is a function symbol of arity k and t 1 , · · · , t k are L-terms, t A (a 1 , · · · , a n ) is defined as F A (t A 1 (a 1 , · · · , a n ), · · · , t A k (a 1 , · · · , a n )) Definition B.9 (Tarski's truth). Let A be an L -structure and ϕ(x 1 , · · · , x n ) an L -formula with free variables contained in {x 1 , · · · , x n }.
(1) if ϕ := t = s (t, s L -terms), A |= ϕ(a 1 , · · · , a n ) iff t A (a 1 , · · · , a n ) = s A (a 1 , · · · , a n ). (2) if ϕ = Rt 1 · · · t k (R ∈ L R of arity k), A |= ϕ(a 1 , · · · , a n ) iff (t A 1 (a 1 , · · · , a n ), · · · , t A k (a 1 , · · · , a n )) ∈ R A . (3) A |= ¬ϕ(a 1 , · · · , a n ) iff A |= ϕ(a 1 , · · · , a n ). (4) A |= ϕ(a 1 , · · · , a n ) ∧ ψ(a 1 , · · · , a n ) iff A |= ϕ(a 1 , · · · , a n ) and A |= ψ(a 1 , · · · , a n ). (5) A |= ϕ(a 1 , · · · , a n ) ∨ ψ(a 1 , · · · , a n ) iff A |= ϕ(a 1 , · · · , a n ) or A |= ψ(a 1 , · · · , a n ). (6) A |= ϕ(a 1 , · · · , a n ) → ψ(a 1 , · · · , a n ) iff A |= ¬ϕ(a 1 , · · · , a n ) or A |= ψ(a 1 , · · · , a n ). (7) A |= ∃xϕ(x; a 1 , · · · , a n ) iff there exists some b ∈ A such that A |= ϕ(b; a 1 , · · · , a n ). (8) A |= ∀xϕ(x; a 1 , · · · , a n ) iff forall b ∈ A we have that A |= ϕ(b; a 1 , · · · , a n ).
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